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In this paper we show that for each n there is a triangulation of an orientable
surface which is n-connected, n-representative, and such that every spanning tree
contains a vertex of degree at least n. This also shows that there exist such graphs
where any spanning walk must visit some vertex at least n times. We show the
analogous results for nonorientable surfaces.  1996 Academic Press, Inc.
1. THE INTRODUCTION, SOME HISTORY, AND THE
STATEMENT OF THE MAIN RESULTS
In 1931 Whitney proved [W] that every 4-connected planar triangula-
tion was Hamiltonian. This has inspired many variations, with researchers
trying to relax the (a) triangularity, (b) connectivity, (c) planarity,




Copyright  1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
* E-mail address: dan.archdeaconuvm.edu. The first author was partially supported by
NSF Grant DMS-9007503.
- E-mail address: frognessie.wwu.edu.
 E-mail address: c.littlemassey.ac.nz.
File: 582B 169902 . By:CV . Date:29:08:96 . Time:15:16 LOP8M. V8.0. Page 01:01
Codes: 3204 Signs: 2904 . Length: 45 pic 0 pts, 190 mm
Relaxing triangularity, Tutte showed [Tu1, Tu2] that all 4-connected
planar graphs are Hamiltonian. Even stronger, Thomassen showed [Th1]
that 4-connected planar graphs are Hamiltonian-connected.
Relaxing connectivity is not possible, since there are 3-connected non-
hamiltonian triangulations of the plane. However, it is sometimes useful to
strengthen the connectivity condition in combination with relaxing other
conditions.
Relaxing planarity completely is not possible, since there are 4-connected
nonhamiltonian graphs which triangulate surfaces other than the sphere.
However, Thomas and Yu proved [TY] that this cannot happen in the
projective plane. Specifically, they showed that all 4-connected projective-
planar graphs are Hamiltonian. Increasing the connectivity, Brunet and
Richter proved [BR] that all 5-connected triangulations of the torus are
Hamiltonian. Thomas and Yu showed (personal communication) that all
5-connected toroidal graphs are Hamiltonian.
There have been several approaches to relaxing Hamiltonicity. One
approach is to show that there is a spanning tree of small maximum degree
(a spanning tree of maximum degree two is a Hamiltonian path). Along
this line Barnette showed [B] that all 3-connected planar graphs have a
spanning tree of maximum degree at most three. For other surfaces,
Brunet, et al. showed [BEGMR] that every 3-connected graph embedded
in the torus or the Klein bottle has a spanning tree with maximum degree
at most three. A second approach is to limit the number of times a span-
ning walk visits a vertex (a spanning walk visiting every vertex once is a
Hamiltonian path). Along this line Gao and Richter showed [GR] that all
3-connected planar or projective planar graphs have a spanning walk visit-
ing each vertex at most twice.
Another variation on relaxing planarity involves graphs on nonplanar
surfaces which look ‘‘locally planar’’. Let G be a graph embedded on a
surface S. Find a noncontractible cycle C in S for which n=|C & G| is
minimum. We call this n the representativity of the embedding, and say the
embedding is n-representative. If the representativity of an embedding is
large, then a large neighborhood of any vertex in the embedded graph is
planar. One might expect that such a graph acts like a planar graph. For
example, Thomassen showed [Th2] that every triangulation of a surface
with sufficiently high representativity has a spanning tree of maximum
degree at most four. Ellingham and Gao showed [EG] that 4-connected
triangulations of a surface with sufficiently high representativity have
spanning trees with maximum at most three. Yu has shown [Yu] that
every 5-connected triangulation with sufficiently high representativity is
Hamiltonian, settling a conjecture of Thomassen. It is interesting to note
that in all three of these results the ‘‘sufficiently high representativity’’ is
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a number f (S ) which depends on the surface. Yu’s result is the best
possible in terms of connectivity, since Ellingham and Gao [EG] and
Thomassen [Th2] showed that for every surface of Euler Characteristic
less than zero, there are 4-connected triangulations which have arbitrarily
large representativity but are not Hamiltonian.
The main result of this paper is the following.
Theorem 1.1. For each n there exists an n-connected n-representative
triangulation of an orientable surface such that every spanning tree has a
vertex of degree at least n.
These graphs are nonhamiltonian for n3. From Theorem 1.1 we derive
the following.
Corollary 1.2. For each n there exists an n-connected n-representative
triangulation of an orientable surface such that every spanning walk visits
some vertex n times.
We also get the following nonorientable analogues.
Corollary 1.3. For each n there are triangulations of nonorientable
surfaces which satisfy the properties of Theorem 1.1 and of Corollary 1.2.
Since we construct an n-connected n-representative nonhamiltonian
graph for each n, our results show that the function f (S ) in Yu’s proof of
Thomassen’s Conjecture cannot be constant.
It is difficult to visualize embedded graphs with large representativity
and large connectivity. Each vertex of the graph has a large neighborhood
which is planar and planar graphs are at most 5-connected. The challenge
is to ensure that all small cut sets of the planar neighborhood lie on its
‘‘boundary’’ and are not cut sets in the larger graph. Of course, this must
be done for all vertices simultaneously.
Our main technique begins with an embedded graph that has large con-
nectivity and no short separating cycles. Using a surface covering, this
embedding is lifted to one that has large connectivity and large represen-
tativity. We then extend the covering embedding to a triangulation by add-
ing a vertex in each face. A count on the sizes of faces ensures that the
extended graph is still highly connected. A count on the number of faces
gives the claim about the spanning tree.
We have taken no care to keep the genus of the embeddings small, or
even to estimate its size. In particular, the covering embedding with large
representativity has very large genus. In general, bounds have been chosen
for their ease of use rather than their tightness.
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We have chosen to use a construction of the first author given in [A1].
Carsten Thomassen reports (personal communication) that similar results
can be obtained by using the construction in Theorem 3.6 in [Th3].
The paper is organized as follows. In Section 2 we give the Main Cover-
ing Construction and examine its effect on connectivity and represen-
tativity. In Section 3 we give a class of embeddings suitable as base graphs
for the covering construction. In Section 4 we iteratively apply the covering
construction to these starting embeddings. We then use the resulting
graphs to prove Theorem 1.1 and its corollaries.
2. A COVERING CONSTRUCTION AND ITS EFFECT
ON CONNECTIVITY AND REPRESENTATIVITY
Our Main Covering Construction is one used by Archdeacon [A1] to
increase representativity. We first introduce some terminology.
A simple cycle in a surface is separating if the deletion of that cycle dis-
connects the surface. In the language of algebraic topology, separating
cycles are homologically null. A cycle which is not separating is called non-
separating.
Theorem 2.1. (The Main Covering Construction). Let G be a graph
embedded in a surface S. Then for some n there exists an n-fold covering
graph G embedded in an n-fold covering surface S such that each separating
cycle in G lifts to n cycles in G , and each nonseparating cycle in G lifts
to a single cycle in G . Moreover, the same lifting property holds for the dual
of G.
Proof. This is Theorem 2.5 of [A1]. K
We will iterate the Main Covering Construction to build our triangula-
tions. How do we know the covering graph is highly connected? Unfor-
tunately, there is not a satisfactory theory relating the connectivity of a
covering graph to properties of the base graph. As a result, we have to
impose the following awkward condition.
A graph G embedded on a surface S in (m, k)-binonseparable if we can
partition the vertices into two sets V1 and V2 , each with at least m vertices,
such that
(1) for each v1 # V1 and v2 # V2 , there exist m internally vertex-
disjoint paths Pi , i=1, ..., m, joining v1 and v2 , and
(2) for each of these paths Pi , there exist k disjoint cycles C ji ,
j=1, ..., k, that intersect Pi in a single vertex, intersect no other Pi $ , and are
nonseparating in S.
48 ARCHDEACON, HARTSFIELD, AND LITTLE
File: 582B 169905 . By:SD . Date:08:08:96 . Time:10:16 LOP8M. V8.0. Page 01:01
Codes: 2435 Signs: 1707 . Length: 45 pic 0 pts, 190 mm
Fig. 1. The structure of a (2, 4)-binonseparable graph.
See Fig. 1 for an example.
The purpose of the paths in Part (1) is to guarantee that the graph is
m-connected. The purpose of the pendant nonseparating cycles in Part (2)
is to preserve the paths when passing to the covering graph.
Lemma 2.2. If an embedded graph G is (m, k)-binonseparable, then G is
m-connected and hence m-edge-connected.
Proof. Let A be a set of m&1 vertices; we will show that G&A has a
single component. Let v1 and v2 be two distinct vertices in G&A.
Suppose first that v1 and v2 lie in different parts. Then there are m inter-
nally-vertex-disjoint paths joining them in G. There are m&1 vertices in A,
so at least one of these paths is contained in G&A.
Suppose next that v1 and v2 lie in the same part, say V1 . There are at
least m vertices in V2 and exactly m&1 in A, so there is a vertex u in
V2&A. As in the previous paragraph, there is a path in G&A from v1 to
u, and one from u to v2 . Hence there is a path in G&A from v1 to v2 .
The claim on edge-connectivity follows since this parameter is at least
the connectivity. K
Lemma 2.3. If G is an embedded (m, k)-binonseparable graph, k>0,
then the embedded covering graph G given by the Main Covering Construc-
tion is (m, k&1)-binonseparable.
Proof. We partition the vertices of G into two parts, V 1 and V 2 , where
v~ # V i if and only if it covers a vertex v # Vi . Each part V i has at least m
vertices, since each Vi does. We must show that there exist the desired
paths and cycles in G joining vertices in V 1 to V 2 .
Let v~ 1 # V 1 and v~ 2 # V 2 be vertices of G covering vertices v1 and v2
respectively. Since G is (m, k)-binonseparable, there are paths Pi in G joining
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v1 and v2 incident with nonseparating cycles C ji . Let wi denote the vertex
in Pi & C ki , let P
1
i denote the portion of Pi between v1 and wi , and let P
2
i
denote the portion of Pi from wi to v2 . Because C ki is nonseparating, it lifts
to a single cycle C ki which contains each vertex covering wi . The path P
1
i
lifts to n distinct paths, each joining a vertex covering v1 to one covering
wi . Likewise the path P2i lifts to n distinct paths, each joining a vertex
covering wi to one covering v2 . It follows that the lift of these paths and
of C ki contains a path P i joining v~ 1 to v~ 2 . Let C
j
i , j=1, ..., k&1, be the
cycles covering C ji . Each C
j
i is nonseparating, they are pairwise disjoint,
and intersect P i in a single vertex. The collection of such P i , i=1, ..., m,
and C ji , i=1, ..., m, j=1, ..., k&1, show that G is (m, k&1)-binon-
separable. K
Theorem 2.4. Suppose a graph is embedded so that both it and its dual
are (2m, 4m)-binonseparable. If we form the embedded covering graph by
iterating the Main Covering Construction 4m times, then this embedding has
representativity at least 2m.
Proof. This is Theorem 7.3 of [A1]. In that theorem the author used a
different connectivity condition, called the m-nonseparating cycle property.
Its purpose was to ensure that the graph and its dual were 2m-edge-
connected, and that this connectivity was preserved under the covering
construction. This connectivity is now guaranteed by Lemmas 2.1 and 2.2,
since the graphs are (m, k)-binonseparable. An examination of the proof in
[A1] reveals that the covering construction is iterated at most 4m
times. K
We will use Theorem 2.4 to construct an embedding with large connec-
tivity and large representativity. To start the iteration we need an embed-
ded graph such that both the graph and its dual are (m, k)-binonseparable
for large m and k. We will find such an embedded graph in the next section.
We close with a quick lemma about adding vertices to an n-connected
graph.
Lemma 2.5. Let H be a subgraph of a graph G such that each vertex in
V(G )&V(H ) is adjacent to n vertices of H. If H is n-connected, then so
is G.
Proof. Suppose that A is a set of n&1 vertices. Since H is n-connected,
the subgraph induced by V(H )&A is connected. Since each vertex of
V(G )&A is adjacent to at least n vertices of H, it is adjacent to at least one
vertex of V(H )&A. It follows that the subgraph induced by V(G )&A is
connected, whence G is n-connected. K
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3. BASE EMBEDDINGS SUITABLE FOR THE
COVERING CONSTRUCTION
In this section we present an embedded graph where both the graph and
the dual are (m, k)-binonseparable for large m and k. In the next section
we will use this graph and the covering construction to prove Theorem 1.1.
Proposition 3.1. Let k be even and suppose that both r and s are at
least 2mk+1. Then any embedding of Kr, s with no quadrilateral face is
(m, k)-binonseparable.
Proof. Let H be a graph consisting of two vertices v1 and v2 joined by
m internally-vertex-disjoint paths with k+1 edges, where each vertex
except v1 and v2 is incident with a pairwise-vertex-disjoint quadrilateral.
For example, if (m, k)=(2, 4), then H is given in Fig. 1. Note that H is
bipartite and that each part has exactly 2mk+1 vertices. If v1 and v2 are
vertices in different parts of Kr, s where r and s are each at least 2mk+1,
then H is a subgraph of Kr, s .
We will use this H to show that the embedding is (m, k)-binonseparable.
We need only show that each quadrilateral is nonseparating in the embed-
ding. But if a quadrilateral in an embedded graph separates the surface and
is not a face boundary, then either it has a chord (impossible since H is
bipartite) or it separates the graph (which it does not since H is a subgraph
of Kr, s). Hence each quadrilateral is nonseparating. K
To get both the graph and its dual (m, k)-binonseparable we use the
following.
Proposition 3.2. Let p, q, r, and s be even integers each at least 4, not
all 6, with pq=rs. Then there exists an embedding of Kp, q with dual Kr, s .
Proof. This is Theorem 8.7 from [A2]. K
It is interesting to observe that these conditions are both necessary and
sufficient.
4. THE PROOFS OF THE MAIN THEOREM
AND ITS COROLLARIES
In this section we will use the covering construction of Section 2 on the
base embedding of Section 3 to construct n-connected n-representative
embedded graphs. These covering graphs will then be used to prove
Theorem 1.1.
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Theorem 4.1. For each n there exists a graph Gn , embedded on an orien-
table surface, such that:
(1) Gn is n-connected,
(2) the embedding is n-representative,
(3) every face is of size at least n, and
(4) the number of faces is at least n times the number of vertices.
Proof. We assume that n is even, for if not we replace n by n+1. Let
m=n2. We begin with an embedding of G=Kp, q with dual Kr, s given
by Proposition 3.2 where r=16m2+2, s=4r3, and p=q=2r2. We
iteratively apply Theorem 2.1’s covering construction 4m times, forming the
embedded covering graph G . This G is the desired Gn .
Since p and q are each at least r=2(2m)(4m)+2>4, Proposition 3.1
ensures that the embedded G is (2m, 4m)-binonseparable. By Lemma 2.3
the resulting covering is (2m, 0)-binonseparable, whence it is n-connected
by Lemma 2.2. Condition (1) holds.
Likewise r and s are each at least 2(2m)(4m)+1>4, so the dual is also
(2m, 4m)-binonseparable. By Theorem 2.4 the resulting embedded covering
graph G has representativity at least n=2m. Condition (2) holds.
Each face is a separating cycle, so the covering construction lifts it to
faces of the same size. Since the faces in the base embedding are all of size
at least r=16m2+2>2m=n, the faces in the covering graph are also.
Condition (3) holds.
Finally, the covering construction multiplies both the number of faces
and the number of vertices by the covering’s fold number. Hence the ratio










Condition (4) holds, and the theorem is shown. K
We now prove the main result, Theorem 1.1.
Proof of Theorem 1.1. Let Hn be the embedded graph given by
Theorem 4.1. Each face of Hn is bounded by a simple cycle, since the
representativity and connectivity are at least n>1. In each face f we insert
a new vertex vf and edges joining vf to vertices incident with f. Since the
boundary is of length tn, vf is of degree t and the face f is replaced by
t triangles. By Lemma 2.5 the addition of these vertices preserves n-con-
nectedness. Moreover, the addition of these vertices cannot decrease the
representativity. The resulting graph is our desired embedding Gn .
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It remains to verify that every spanning tree of Gn is of maximum degree
at least n. Call the vertices of Hn the old vertices, and the vertices in
Gn&Hn the new vertices. Each new vertex is adjacent only to old vertices.
Since the number of faces in Hn is at least n times the number of vertices
in Hn , the number of new vertices is at least n times the number of old ver-
tices. It follows that in any spanning tree of Gn , some old vertex is adjacent
to at least n new vertices. K
Proof of Corollary 1.2. Jackson and Wormald showed [JW] that if a
graph contains a spanning walk visiting each vertex at most n times, then
it contains a spanning tree of maximum degree at most n+1. The result
now quickly follows. K
Proof of Corollary 1.3. We first show the nonorientable analogue of
Theorem 1.1.
Let G be a 2n-connected graph such that every spanning tree has a ver-
tex of degree at least 2n, and suppose that G triangulates some orientable
surface in a 2n-representative embedding. Fix a vertex v0 in G, and let vi ,
i=1, ..., 2n&1, be adjacent to v0 and consecutive in the local rotation.
Thus v0vivi+1 is a triangular face of G for i=1, ..., 2n&2. Delete the edges
v0vi , i=2, ..., 2n&2, merging these triangular faces into a single face F
bounded by a 2n-gon P. Form the embedded graph H by deleting F, then
identifying antipodal vertices around P. Thus vertex vi is identified with
vn+i for each i=0, ..., n&1. Observe that there is a natural quotient map
. from the embedded G&F to the embedded H. This map is 21 on P and
11 elsewhere.
By construction the embedded H is a triangulation. The surface is non-
orientable since .(P) is orientation reversing.
Identifying two vertices in a graph lowers the connectivity by at most
one. Since the original G is at least 2n-connected and we perform n iden-
tifications, the resulting H is at least n-connected.
Let TH be a spanning tree of H and let TG=.&1(TH). Then TG _ P is
a spanning subgraph of G. Let T be a spanning tree of TG _ P and let u
be a vertex of degree at least 2n. Then u is of degree at least 2n&2n in
TG , and hence also in TH . Hence every spanning of tree of H contains a
vertex at least n.
We have left to show that the embedded H is n-representative. Since H
is a triangulation, it suffices to show that a noncontractible cycle CH in H
is of length at least n. Say a subgraph CG of G represents CH if . maps
E(CG) to E(CH) bijectively. If CG represents CH and is itself a cycle, then
it is noncontractible. Hence it is of length at least 2n, as is CH , and we are
done. So we can assume that CG is not a cycle. In particular, CG consists
of a set of paths whose endpoints are in P.
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Suppose that CG contains a path W which is disjoint from P except for
its ends vi and vj . Extend W to a cycle C by adding in edges v0vi if i{0
and v0 vj if j{0. If C is noncontractible, then it is of length at least 2n.
Hence CH has at least 2n&2n edges as desired. If C separates G, then
again it is of length at least 2n and we are done. So C is contractible, and
one side of C contains no vertices. It follows that vi is adjacent to vj along
P, or else there are vertices on both sides of C. Set C$G=CG _ [vivj]&W,
and C$H=.(C$G). Then C$H is a cycle in H which is homotopic to CH and
has strictly fewer edges.
It follows from the preceding paragraph that a cycle CH of minimal
length has a representative CG entirely contained in P. By replacing some
paths in CG with their antipodal paths in P, we can assume that CG has
exactly one component. So CG is a path from some vertex vi to vi+n , and
hence has exactly n edges. It follows that CH is also of length n, as desired.
We have shown the nonorientable analogue of Theorem 1.1. The non-
orientable analogue of Corollary 1.2 follows exactly as in the orientable
case. K
This completes the proof of the corollaries and concludes the paper.
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